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Abstract—A problem is considered for the estimation of dynamics of risk factors and other
indicators of health by the data of a number of population studies performed in various years
on the same age category of the population. In the case of the nonlinear time dependence
of mean values of the quantities under study, the simple interpolation of the indices by all
groups leads to incorrect estimates in view of the neglect of the cohort dynamics. A methods
is described for the development and identification of the dynamic regression model of the
population health, which is based on the estimation of the cohort dynamics of indices. This
makes it possible to prognose the expected lavels of risk factors and to clarify causal relations.
The efficiency of the model is demonstrated by an example of the processing of results of the
examinations performed in the years 1982, 1987, and 1992 in North Karelia (Finland).
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1. INTRODUCTION

The estimation of the current state of population health relies on the results of single-instant
examinations performed among the inhabitants of the selected age range during a short time interval
(a few moths). This examination is said to be cross-sectional. The population health dynamics can
be estimated by the data of a few independent cross-sectional examinations distributed with time,
for example, over 5 years. Here, in each examination, the parameters under study are registered (the
systolic and the diastolic blood pressure, cholesterin level, body mass index, etc.) but in various
examinations, generally speaking, various persons are inspected. This pattern differs from the so-
called long-time cohort investigations, in which at various instants of time the same individuals are
inspected, who lived till the examination [1–5]. Theoretically, repeated individual examinations
afford the more reliable information on the processes occurring in the cohort investigated (which,
however, does not represent the entire population) because they enable one to observe directly a
change in the indices both with age and with time. At present, the most known investigations
are the long-time cohort investigations aimed at studying the factors of the risk of the origin of
chronic diseases, aging, and invalidation of inhabitants. Among them, we point to the Framingham
heart study [1], Baltimore longitudinal study of aging (BLSA) [2], national long term care surveys
(NLTCS) [3], longitudinal study of aging Danish twins (LSADT) [4]. The organization of similar
examinations pursues fundamental scientific goals and calls for considerable expenses.

In contrast to cohort examinations, the cross-sectional examinations are more economical. These
examinations are commonly organized on the regular basis for the clarification of the existing trends
in the population health, the estimation of effects of prophylactic measures, and the development
of prognoses. In the analysis of cross-sectional data, according to the ages the estimation of time
trends is based on the comparison of mean values or percentiles of the parameters under study,
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which are represented by the distributions in age categories at various instants of the examination.
In a similar way, appropriate epidemiological indicators are also investigated (prevalence in the
population of the high blood pressure, high cholesterin level, body mass excess, etc.) [6–12]. For the
practical use, various modifications are developed of the methods of time variations of age indices.
They include the “trend in linear regression,” which is the basic method in the fulfillment of the
project of the world health organization MONICA for the study of risk factors of cardiovascular
diseases [7–11]. In this case, first, by way of the construction of the linear regression, the time trend
for each age group is estimated. If necessary, the transformation of the parameter under study is
performed. At the next stage, the obtained trends are aggregated with fixed weights so as to obtain
the index standardized in age. The modification of this approach is described in [12], at which the
logistic regression is built up over the entire data array. This conforms to the aggregate of trends
with the weights corresponding to the population under study. The obtained aggregative trends
are investigated by methods of correlative analysis for the check of the hypotheses formulated in
the framework of the MONICA project.

In performing the regular cross-sectional examinations (screenings), the age range of the contin-
gent examined is often rather wide (40 and more years) and, in addition, the interval between the
sequential screenings comprises 3–10 years. In some investigations in adolescent ages, use is made
of the age groups of 5–8 years, in which case the screenings are performed every year or in a year.
As a result, in the same age group, in various years of the observation, the representatives of the
same cohort of the burth are found. This leads to the mixture of the age and cohort effects and
to the distortion of estimates. To separate similar effects, use is made of the APC method (age,
period, cohort) [13, 14], which is suitable for the accounting of the high degree of the variability of
time trends depending on the age. cohort, and time [10]. A disadvantage of the APC method is
the linear parametrization in the age, cohort and time, which is used in its implementation.

Another popular method in demography is the Lee–Carter method, which is based on the sep-
aration of the age and time effects [15, 16]. Here, the dependence on age is described in the
nonparametric way, while the dependence on time is preset by the linear function. This method
showed itself well in the prediction of mortality [14], but its application to the analysis of other
indices related to health appears to be bounded.

In this work we consider the approach, namely, the dynamic regression method that does not
require the assignment of the parametric model for the population state characteristic under study
and enables us to set up estimates by the results of a few sequential cross-sectional examinations.
This is reached on account of the treatment of the population as a dynamic object consisting of
the aggregate of various cohorts of birth. The structure of the organization of observations of the
population state is considered as the diagram of measurements on the plane with the coordinates
of “age” and “time,” while the dynamic properties of cohorts are described by cohort trends,
which are restored with consideration for the incompleteness of observations. The programmed
implementation of the method involves the stabilization of estimates either with consideration for
their smoothness or by way of their aggregation in time and age. In this work we present results of
the estimates of dynamics of the change in the body mass index from real data for the population
of North Karelia (Finland).

2. MODEL OF POPULATION DYNAMICS

The development of the mathematical model is the first step in the study of a real object, which
in the case under consideration is the population and its health. This model permits us to carry out
the analysis of actual observations and can be used in the modeling of a real object for the testing of
various methods of the estimation and prediction. The developed mathemtical model must admit
the effective numerical identification by the available data, the results of which can be used in
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practical purposes for the prediction, the verification of the effectiveness of prophylactic measures,
and the development of the optimal strategy of population health control. Some approaches to the
construction of similar models are considered in [17].

The natural method for describing a complex dynamic object lies in its presentation in the form
of the aggregate of elements that can be traced in time as some physical real elements. In the
population, changes with time consist of the changes with time in cohorts of the same year of birth,
which comprise the population.

We will denote by the C the region on the plane:

C = {(y, a) : y ∈ [ymin, ymax] , a ∈ [amin, amax]} ,

where the y is the calendar time and the a is the age, which are expressed in years. In the general
case, the population state defined in this compact set is described by the collection of the random
quantities Xi, i = 1, . . . , L, which correspond to the collection of measurable indicators defined
at each point (y, a) of the region C. To describe the dynamic regression method, we will restrict
the discussion to the consideration of one index, an example of which can be the body mass index
(BMI). For simplicty of the description of the dynamic model, we will assume that the following
relation is valid:

X (y, a) = v (y, a) + ε, (1)

where the ε is a random process defined on the C, such that the E (ε) = 0, D (ε) = σ2, ∀ (y, a) :
(y, a) ∈ C. Hence, it follows that

v (y, a) = E (X (y, a)) .

We will write a change in the mean value of the indicator X for the cohort of birth at the point
(y, a) over the time interval dt in the form

v (y + dt, a + dt) = v(y, a) + u(y, a)dt + o(dt), o(dt)/dt → 0 for dt → 0. (2)

The function u(y, a) represents the rate of a change of the considered parameter along the cohort
motion as a result of the external action caused by the environment. This external action at the
point (y, a) does not depend on the properties of the cohort passing at the time y the age a.
Moreover, theoretically, the fact itself of the existence of the external action does not depend on
the fact of existence of the cohort. This is the essence of the concept of the field theory expressed
in terms of the model described and initially introduced by K. Lewin [18]. For convenience, we
will use the terms “mean levels” or “levels” for values of the function v(y, a) and “cohort trends”
or “C-trends” for values of the function u(y, a). In a more complex model, the result of the action
represents a sum of the results of the external action, which are determined by the medium, and
the component determined by the current state of the cohort. In this case, in Eq. (2) the term
u(y, a) is replaced by the sum u(y, a) + bv(y, a), where the b is an additional model parameter.

Let the v0(y, a) denote the boundary quantity v(y, a) at the boundary of the region C for the
cohort passing through the point (y, a):

v0(y, a) = v(y − δ, a − δ), where δ = min (y − ymin, a − amin) .

Then, the v(y, a) can be represented in the form

v(y, a) = v0(y, a) +
δ∫

0

u (y − t, a − t) dt. (3)
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Thus, values of the function v(y, a) can be calculated at any point of the region C according to the
prescribed boundary conditions v0(y, a) and the cohort trend u(y, a).

The generalization of the model (1), (2) for the multidimensional case results if the functions
v(y, a) and u(y, a) are considered as vector functions, the relation D (ε) = σ2 is replaced by the
relation Cov (ε) = Σ, the Σ denotes the diagonal matrix, and in the expression u(y, a) + bv(y, a),
the parameter b represents a matrix.

3. IDENTIFICATION OF THE MODEL OF POPULATION DYNAMICS

3.1. Common Statement of the Problem

We will consider the case when each individual observation is represented in the form of the triple
(xk, yk, ak), k = 1, . . . ,K, where the xk is the value of the indicator, which is defined at the instant
of time yk for the age ak. The problem of identification of the population dynamics model lies in the
estimation of the functions v0(y, a) and u(y, a) on the C from the available observations (xk, yk, ak),
k = 1, . . . ,K.

One of the possibilities for the solution of this problem lies in the minimization in the functional
space of the functional of the standard deviation

I (u, v0) =
K∑

k=1

(xk − v (yk, ak))
2 (4)

under additional constraints on the functions u (y, a) and v0(y, a) in the form, for example, of
the piecewise continuity or the bounded variation. For practical application, it is convenient to
transform the stated problem to the discrete form and resort to the advantage of the simplicity
of the analysis and adaptation of the numerical methods accessible in the framework of standard
statistical packages.

3.2. Model with Discrete Time and Age

Let the i and j denote time and age in years, resppectively. We will write the discretized
presentations for Eqs. (1)–(4). Let the P (i, j) be the parallelogram prescribed by the vertices
{(i, j − 1), (i, j), (i + 1, j + 1), (i + 1, j)}, which does not include its left and upper boundaries

P (i, j) = {(a, y) : y ∈ [i, i + 1), a ∈ ((j − 1) + (y − i), j + (y − i)]}. (5)

We will assume that in the region P (i, j) the cohort trends u(·, ·) take a constant value, while
the indicator levels v(·, ·) take a constant value with a change of the age a and vary linearly with
the constant slope u(·, ·) with a change of the time y. These conditions are written in the form

u (y, a) = u(i, j), ∀ i, j, y, a : (y, a) ∈ P (i, j) ,

v(y, a) = u(i, j) × (y − i) + v(i, j), ∀ i, j, y, a : (y, a) ∈ P (i, j). (6)

Using the definition (5), we will write the minimum and maximum values for the quantities i and j
in the form

(imin, jmin) : (ymin, amin) ∈ P (imin, jmin) ,

(imax, jmax) : (ymax, amax) ∈ P (imax, jmax) .

From here on, we will use the relative scale for time and age, taking as zero their minimum values
in the region P (i, j).
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We will consider two functions u(i, j) and v(i, j). The function u(i, j) is defined on elements of
the integral two-dimensional region

U = {(i, j) : i ∈ [0, I ] , j ∈ [0, J ]} ,

and the function v(i, j) is defined on elements of the integral two-dimensional region

V = {(i, j) : i ∈ [0, I + 1] , j ∈ [0, J + 1]} ,

where the I = imax − imin, J = jmax − jmin. Equation (2) can be rewritten in the form

v (i + 1, j + 1) = v (i, j) + u (i, j) , ∀ (i, j) ∈ U. (7)

Let the v0(i, j) denote a value of the function v(·, ·) on the lower or the left boundary of the
region V at the point through which the cohort of birth passes, which also passes through the
point (i, j), i.e.,

v0 (i, j) = v (i − δ, j − δ) , δ = min (i, j) . (8)

Combining (7) and (8), we will rewrite Eq. (3) in the form

v (i, j) = v0 (i, j) +
δ∑

m=1

u (i − m, j − m). (9)

It follows from (9) that if values of the function v(·, ·) are known at the boundary of the re-
gion V and the function u(·, ·) is known on the entire region U , then values of the function v(·, ·)
can be calculated at all points of the region V . In view of (1), (2), and (6), for each accessible
observation (xk, yk, ak), k = 1, . . . ,K we will write

xk = v0 +
δ∑

m=1

u (i − m, j − m) + (yk − i) u (i, j) + εk, (10)

where the Var (εk) = σ2, Cov (εk, εl) = 0, k �= l.
We will introduce the vector z, whose components are values v0 (i, j) and u (i, j),

z =
(
vT

0 | uT
)T

, (11)

where

v0 = (v (I + 1, 0) , . . . , v (0, 0) , . . . , v (0, J + 1))T ,

u = (u (0, 0) , . . . , u (0, J) , . . . , u (I, 0) , . . . , u (I, J))T .

Denoting the vector of coefficients in formula (10) by the bk, we will rewrite (10) in the form

xk = (bk, z) + εk. (12)

Let the B1 denote the matrix composed by the vector rows bT
k from (12) and the x1 denote the

vector column composed of the variables xk. The problem of minimization of the functional (4) is
equivalent to the problem of minimization of the scalar function S1(z), which is defined as

S1 (z) = (B1z − x1)T (B1z − x1) .
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We note that if the rank (B1) = dim (z), then the estimates obtained by way of the unconditional
minimization of the function S1 (z) are unique. It is easy to verify that this condition is fulfilled
only if the observations are performed in all elements of the region P (i, j), which in practice is
more likely to be the exception than the rule.

The minimization of the function S1 (z) is equivalent to the search for the solution of Eq. (12) and
leads to an unstable solution in view of the poor stipulation of the matrix BT

1B1 at its large dimen-
sion. To stabilize the solution, we will modify the problem of minimization of the function S1 (z),
imposing additional constraints on the admissible solution by two independent methods: with the
aid of smoothing and with the aid of aggregation.

3.3. Smoothing

We will consider the smoothness functional

S2 (z) =
I+1∑
i=0

J∑
j=1

(2v (i, j) − v (i, j − 1) − v (i, j + 1))2

+
J+1∑
j=0

I∑
i=1

(2v (i, j) − v (i − 1, j) − v (i + 1, j))2 . (13)

Each summand in (13) is proportional to the square of the second difference of the function v(·, ·)
in age or in time at the point (i, j) and is an analog of the second partial derivative. Denoting by
the B2 the matrix with elements corresponding to the coefficients in (13) and using (9) and (11),
we will represent the S2 (z) in the form

S2 (z) = (B2z)
T (B2z) .

To stabilize the solution, we will impose the constraint S2 (z) ≤ α at a certain α ≥ 0. Let us
note that the S1 (z), and S2 (z) are quadratic functionals in the vector space En of the dimension
n = dim (z). We will write the optimization problem for estimating the solution of (12) in the form

min
z∈En

S1(z) under the constraint S2 (z) ≤ α, α ≥ 0. (14)

The optimality condition for the solution of this problem can be written on the basis of the following
theorem stated for the common case.

Theorem 1. Let the Sk (x) be quadratic functions of the form

Sk (x) = (Bkx − yk)
T (Bkx − yk) ,

prescribed in the En, k = 0, . . . ,K, K > 0. Let the P1 be the optimization problem min
x∈En

S0(x)

under the constraint Sk (x) ≤ αk, αk > 0, k = 1, . . . ,K. We assume that the system of constraints
is consistent, i.e., there exists a x such that all constraints Sk (x) ≤ αk, k = 1, . . . ,K are fulfilled
simultaneously.

(I) Let the x∗ be the solution of the problem P1. Then, there exist nonnegative numbers λk,
k = 1, . . . ,K that satisfy conditions of the complementary slackness

λk (Sk (x∗) − αk) = 0

and such that the x∗ is simultaneously the solution of the problem P2:

min
x∈En

(
S0(x) +

K∑
k=1

λkSk (x)

)
.
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(II) If the x∗ is the optimal solution of the problem P2 for the prescribed collection λk ≥ 0,
k = 1, . . . ,K that satisfies the condition of the complementary slackness, then the x∗ is also the
global solution of the problem P1 if

Sk (x∗) ≤ αk, k = 1, . . . ,K.

The proof of the theorem is given in the Appendix.
We will introduce the designations

B =

(
B1

B2

)
, x =

(
x1

0

)
, W =

(
I1 0
0 λI2

)
,

where the I1 and I2 are identify matrices. We will write the model of observations in the form

x = Bz + ε, E (ε) = 0, D (ε) = σ2W−1.

It follows from Theorem 1 that the solution of problem (14) is simultaneously the solution of
the problem

min
z∈En

S(z), (15)

where the S (z) = (Bz − x)T W (Bz − x) = S1 (z) + λS2 (z). We note that in the designations of
Theorem 1, this is the statement of the problem P2 for the problem P1 presented in (14).

From the practical viewpoint, of importance is the question as to the existence and uniqueness
of the solution of problem (15) or, which is equivalent, to the verification of the condition

rank (B) = dim (z) . (16)

Theorem 2. We will consider the presentation

v (i, j) = γ1 + γ2i + γ3j + γ4ij (17)

and a matrix B1,γ such that

B1,γγ = B1z,

where the γ = (γ1, γ2, γ3, γ4)
T.

If

rank (B1,γ) ≥ 4, (18)

then the (18) is valid.

The proof of the theorem is given in the Appendix.

Corollary. For the existence of the single solution of problem (16), it is sufficient to have 4
observations such that no 3 observations from them lie on one direct line.
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3.4. Aggregation

We will consider the aggregation as the transformation of data with the aim to reduce the
number of variables entering into the model, to increase the computation speed, and to raise the
stability of the answer to random disturbances in the data. We will present the cohort trends u(·, ·)
in the form of the piecewise-constant function within the regions prescribed in age by the partition
points ak, k = 1, . . . ,K and in time by the points ym, m = 1, . . . ,M :

u (i, j) = h (k,m) ∀ (i, j) : (ak−1 ≤ i < ak, ym−1 ≤ j < ym) ,

a0 = amin, aN+1 = amax, y0 = ymin, yN+1 = ymax.

Formally, the aggregation is preset by a matrix G such that

u = Gh, (19)

where the h is the vector with the components h (k,m) ordered in a definite way, the u is the
vector defined in (11). Let us recall that the vector z consists of the components v0 (i, j) and
u (i, j) ordered in the form of the one-dimensional array. We will present the matrix B in (15) in
the form B = (Bv0Bu), whence

Bz = Bv0v0 + Buu.

Applying the transformation (19) to problem (15), we will obtain the representation for the “ag-
gregative” problem

x = BGzG + ε, E (ε) = 0, D (ε) = σ2W−1, (20)

where the BG = (BV0BuG), zG =
(
vT

0hT
)T

. It is easy to verify that the uniqueness of the
solution of the aggregative problem (20) follows from the uniqueness of the solution of the initial
problem (15).

4. ALGORITHMIC IMPLEMENTATION OF THE DYNAMIC REGRESSION METHOD

In this section we will describe in detail the algorithm for the solution of the aggregative prob-
lem (20). The aggregation of the C-trends is one of the most convenient possibilities in the practical
implementation. As an alternative to the aggregation, it is possible to use the smoothing of the
C-trends. We will use the designation DRM-SA for this case.

The algorithm is implemented in the form of the program for the statistical analysis system
(SAS) [19] and consists of the following steps.

Step 1. The input of examination data and calculation for each man of the parameters:
x is the variable under study,
i is the calendar year of the measurement date,
j is the age in full years by the end of the calendar year in which the measurement is performed,
yfr = (y − i) is the current year portion passed from the beginning of the year to the date of

conducting the measurement.
The determination of minimum and maximum values for the i and j by the set of observa-

tions, the calculation of the range of a change in the time I as (imax − imin) and in the age J as
(jmax − jmin).
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Step 2. The production of the matrix B1. For each object k, the working array r(0 : I + 1, 0 :
J + 1) is generated and the following assignments are performed,

r (ik, jk) = yfrk,

r (i, j) = 1 for all i, j such that i − j = ik − jk and i < ik,

r (i, j) = 0 otherwise.

The array produced in this way is transformed to the one-dimensional vector consisting of rows
of the matrix B1, which is ordered according to (11).

Step 3. The production of the matrix B2. For each summand in (13), the working array r(0 :
I + 1, 0 : J + 1) is produced, to which zero initial values are assigned, values 2 are assigned to
diagonal elements, and values −1 are assigned to elements of the upper and lower subdiogonals
according to the structure of summands in (13). The array produced in this way is transformed to
the one-dimensional vector in the same manner as at the preceding step and defined the row of the
matrix B2.

Step 4. The production of the aggregation matrix G. First, the working array r (0 : I, 0 : J) is
produced, then in the cycle by the points of the partition as to age and time, to each element r (i, j)
the number of the cluster is assigned, which possesses the point (i, j), r (i, j) = k, k = 1, . . . ,K,
where K equals to the number of clusters. Then each of the columns K of the matrix G is produced
first by the replacement of the r (i, j) = 1 if the r (i, j) = k (the r (i, j) = 0 otherwise) and then by
the transformation of the array r to a vector, following the rume (11).

Step 5. The choice of the parameter λ. At the prescribed initial value of the parameter λ, we
calculate the following:

—the point estimate

z̃ =
(
BTWB

)−1
BTx,

—values of the functionals

S̃1 = (B1z̃ − x)T (B1z̃ − x) , S̃2 = (B2z̃)
T (B2z̃) , S̃ = S̃1 + λS̃2,

—the estimate of the dispersion of a random error in the model

s2 =
S̃

K − p
,

the K is the number of rows in the matrix B1, the p is the number of columns in the matrix B1.
The covariance matrix of estimates

C =
(
BTWB

)−1
s2.

The mean-square error of elements of the vector v0, i.e., the vector of values of the indicator
under study at the lower or the left boundary of the region of analysis, is calculated by the formula

s2
v0

=
1

nv0 − 2

n0−1∑
m=2

cm,m,
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and the index of smoothness of the estimate is calculated by the formula

fsm =
s2
v0

s̃2
, where s̃2 =

S̃2

n2
,

where the n2 is the number of summands in the expression for the S2, which is equal to the number
of rows in the matrix B2. The required smoothness quantity fsm and its relative admissible error δ
are prescribed before the beginning of the iterations. The condition for the achievement of the
prescribed amoothness is written in the form

∣∣∣∣∣
fsms2

v0

s̃2
− 1

∣∣∣∣∣ ≤ δ. (21)

If this condition is not fulfilled, then a new value of the parameter λ is calculated

λnext =
λfsms̃2

s2
v0

and the calculations of Step 5 are repeated with this value λ = λnext. The iterations are terminated
in the fulfillment of condition (21).

Step 6. The calculation of final statistics, the verification of results, and the construction of
graphy. At this step, for each pair of neigh boring clusters, the hypothesis for the invariance of
cohorts trends is verified. For this, the C-trends are compared pairwise in the current and the
neighboring cluster corresponding to an elder age group or corresponding to the next year (if they
exist). For two clusters the hypothesis H0 : zi − zj = 0, is verified, where the zi is the component
of the vector z, which corresponds to the C-trend in the i the cluster. In the verification of the
hypothesis, the F -statistics is used:

F =
(z̃i − z̃j)

2

ci,i − 2ci,j + cj,j
.

The requisite fiducial probabilities for the F -statistics are calculated with the aid of standard
functions of the SAS.

The estimate of the vector u is calculated by the aggregative vector with the aid of formula (19)
and the function v (i, j) is calculated by formula (9). In conclusion, with the aid of the graphic
procedures of the SAS [20], the collection is set up of three-dimensional graphs, which display
the functions v (i, j), u (i, j) with the graphic image of the results of verification of hypothesis for
the value of the difference between neighboring clusters. The initial data are presented by values
averaged over time and age and the prognosed quantities of mean values of the indicator under
study, which are equal to the quantities v (i, j), are also presented on graphs.

5. EXAMPLE OF APPLICATION OF THE DYNAMIC REGRESSION METHOD

To demonstrate the application and cllustrate the quanlity of operation of the dynamic regression
method, use was made of the data of the three cross-sectional examinations performed in North
Karelia Finland, in the years 1982, 1987, and 1992. In each examination, a random sample of people
was formed. The people were then stratified in 10-year age groups (25–34, 35–44, 45–54, 55–64)
and in sex. In the example described, only the data of the examination of males are used. The
number of the examined males in the years 1982, 1987, and 1992 was equal to 1537, 1481, and 673,
respectively. All examinations were started at the beginning of the year. The examinations in 1982
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Fig. 1. Mean values of the BMI in one-year age groups, which are obtained in examinations in the years 1982,
1987, and 1992.

and 1987 were completed in four months and in 1992 they were completed in three months. The
following parameters were registered and measured: the sex, the data of birth, the examonation
date, the weight and height.

The model for analysis includes the following variables:
BMI is the body mass index defined as the ratio of wight (kg)/height2 (m),
AGE is the age in full years, which is defined as the year of examination minus the year of birth,
YEAR is the year of examination.
In the analysis, the aggregation was used, in which case the C-trends were prescribed by

piecewise-constant functions within 10-year age groups and in the 5-year time period. This is
described by 8 parameters. The value of the smoothness factor was taken equal to 6.

Results of the analysis are presented in the form of three-dimensional graphs in Figs. 1–4.
Figure 1 presents values of the BMI variable under study, which are obtained in examinations

in the years 1982, 1987, and 1992. The quantities reprsent mean values of the BMI, which are
estimated for each age and year, in which examination data were available. The averaging was
performed over no less than 9 values corresponding to one age. To isolate graphically the changes
that occur in the cohort, the columns corresponding to one cohort of age are marked by the same
hue of gray color in various examinations.

Figure 2 displays estimates of the mean level of the BMI, which are estimated by the dynamic
regression method in the range of ages of 25–65 years for the time period of 1982–1993.
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Fig. 2. Estimates of the mean level of the BMI, which are calculated in the range of ages of the years 25–65 for the

1982–1993 period.
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Fig. 3. Estimates of C-trends for the mean level of the BMI, which are calculated in the range of ages of the years

25–64 for the 1982–1992 period.
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Fig. 4. Estimates of the mean level of the BMI, which are calculated for ages and years in which the examina-
tions were performed.

Figure 3 displays the C-trends (cohort trends) with 95% confidence intervals, the lower portion of
which is shown onlt on the left and the front boundary of the figure. The verification of hypothesis
for the equality of the C-trends in adjacent clusters showed that for all age groups, apart from the
group of 35–44 years, the cohort trends change relative to time in the statistically doubtful way.
For the age group of 35–44 years, the statistically significant reduction (p < 0.05) of cohort trends
took place after the year 1986. In the comparison of changes of cohort trends in age it was found
that the statistically significant differences (p < 0.01) are observed only in the transition from the
age group of 35–44 years to the age group of 45–54 years in the period of 1986–1992. Figure 4
presents the estimates predicted with the aid of the model for the observed values of means levels
of the BMI, which are shown in Fig. 1.

It follows from Fig. 2 that the mean level of the BMI increases along cohorts over the observa-
tion period, although it is different for various cohorts of burth. The rises and falls of the levels
correspond to the transitions between cohorts.

In the dynamic model, the C-trends reflect the joint effect of the action of controllable and
uncontrollable factors that cause a change in the cohort of the indicator under study relative
to time. Therefore, changes of the C-trends in years at a fixed age can point to the effect of
prophylact measures, while a change in ages can point to the uncontrollable changes dependent
on the age or to the different susceptibility to prophylaxis. The C-trends clearly demonstrate a
decrease for the period of 1987–1992 in comparison with the period of 1982-1986 in the age group
of 35–44 years (p < 0.05). The level of the C-trends in this age group is higher in comparison
with younger and elder age groups. The difference in comparison with the elder age group is more
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significant (p < 0.01). No other appreciable differences between the estimates in adjacent clusters
are observevd. A deeper analysis will possibly call for the study of chronology of the events that
affect the social-economic characteristics and the state of population health over the time period
under investigation. Thus, the discovered decrease of the C-trend in ages of 35–44 years can be tied
to the creation of new workplaces in North Karelia over the period of 1987–1992, which reduced the
population outflow from the region involved. The outflow in this age group took place in the period
from 1982 to 1986 and led to a decrease in the index of the mean level of health. This decrease
was due to the fact that more healthy people departed, while the people with worse health stayed,
who also displayed higher values of the factors of risk, to which the body mass index relates too.

6. CONCLUSIONS AND DISCUSSION

The deccribed method is developed as an alternative to time trends, which is yet widely used
in the analysis of dynamics of risk factors. The described model is specified by local cohort in-
terpretation as a change of the variable of the state in the unit of time for a population element,
namely, a cohort. In the formal calculation of time trends, in the prescribed age group a change
is obtained between two various physical elements of the population, namely, between two various
cohorts. Similar estimates can demonstrate an arbitrary behavior, and from the viewpoint of dy-
namic systems, such time trends do not exist in nature. Nevertheles, in the special case when all
age-wise profiles of the state variable do not vary with time, the formally calculated time trends
will prove to be zero for each age from the studied range of ages. It is only in this trivial case that
the time trends are formally suitable for analysis and prognosis.

In this work, we considered the application of philosophy of the system approach to the process
of construction of the model of a real complex object—the population—in the field relating to its
health. Here, first, at the upper aggregation level we isolated two interacting objects: the population
and its “habitat.” Further, the system analysis led to the decomposition of the population under
study to the cohorts of birth as consistuent elements that move with time in the phase space (age
is calendar time) and carry with time their profile of the health state, which is expressed in certain
indicators, namely, state variables.

The suggested model uses the concept of the health field , which presupposes the existence of a
certain potential action produced by the habitat and affecting the population. Generally speaking,
this action depends on the calendar time and causes changes in the cohorts of birth of the health
indicators under study with the speed defined by the force of this action.

At the final stage of developing the model, we examined the case in which the health state
is specified by one quantitative indicator. Also, the “force” of the external action is numerically
equal to the rate of a change of the indicator. Retaining the model sufficiently realistic, these
simplifications enabled us to isolate basic properties of the dynamic model of health and to develop
the method of its identification—the method of dynamic regression.

By the example of analysis of the BMI data obtained in the three sequential independent screen-
ings, it way shown that the dynamic regression method permits obtaining the realistic presentations
as to dynamics of the indicator under study. The dynamic regression method clarifies a clear dif-
ference between the levels of indicators and their C-trends. From the practical viewpoint, it is the
C-trends, rather than the indicator levels, that are directly modified as a result of the planned
prophylactic measures or the unplanned actions of the medium on the population. The results of
the analysis performed by the dynamic regression method serve as the basis and data for the next
level of the analysis, in which the additional information is used and which is aimed at the seach
for the realistic interpretation of the observable dynamics.

One of the important components of the population analysis is the account of dynamics of
a change in the population number. In the case of a substantial migration of the population
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under study, the observable effects can be completely or partially caused by the instability of
the population number. the dynamic regression method enables us to account effectively for this
circumstance. The results of the analysis by the dynamic regression method can be used directly
for the prediction of the age—wise profile of the state variable under study in the future. For this,
by the estimates of the levels of the state variable and by the estimates of the C-trends, in the
last year of the investigation, the linear prognosis is set up of future values of the state variable
in various cohorts of birth. It is natural that a similar prognosis is inapplicable for the cohorts of
birth that do not enter into the range under study of goes in the last yeat of the investigation.

In the described model, use is made of the smoothing for the levels and the aggregation for the
C-trends. A similar approach satisfies the aims of the use of the model for the analysis of changes
in the population. However, for the prediction, it is better to have a more detailed presentation of
the C-trends. In this case, for the C-trends it is necessary to use the smoothing rather than the
aggregation. In conclusion, it should be noted that the simplified dynamic equation used in the
present model must be corrected if the rate of a change can additionally depend on the current
level of the state variable.

APPENDIX

Proof of Theorem 1. The functions f0 (x) = S0 (x) and fk (x) = Sk (x) − ak, k = 1, . . . ,K
are convex and differentiable in the En. The optimization problem P1 can be written in the form
min
x∈En

f0 (x) under the constraints fk (x) ≤ 0, k = 1, . . . ,K. The assertions of Theorem 1 follow

directly from the optimality condition of the Kuhn–Tucker theorem [21] by way of the replacement
of the f0 (x) by S0 (x) and fk (x) by Sk (x) − αk, k = 1, . . . ,K. The notation of the problem P2
in Theorem 1 can be obtained from the Kuhn–Tucker conditions for the optimal solution x∗ of the
problem

L (x∗, λ) = min
x∈En

L (x, λ)

in the following way. If the regularity conditions are fulfilled, then it is possible to set the λ0 = 1
and write the Lagrange function in the form

L (x, y) =

(
S0 (x) +

K∑
k=1

λk (Sk (x) − αk)

)
,

while the Kuhn–Tucker optimality condition in the form
(

S0 (x∗) +
K∑

k=1

λk (Sk (x∗) − αk)

)
= min

x∈En

(
S0 (x) +

K∑
k=1

λk (Sk (x) − αk)

)
,

or (
S0 (x∗) +

K∑
k=1

λk (Sk (x∗))

)
= min

x∈En

(
S0 (x) +

K∑
k=1

λk (Sk (x))

)
.

The right side in the last expression represent the problem P2. The theorem is proved.
Proof of Theorem 2. It follows from (13) that the solution of equation B2z = 0 can be presented

in the form (17) that depends on 4 parameters. If (18) is valid, then among the equations of system
B1,γγ = x1 it is possible to isolate the system from 4 equations that have only the solution γ∗, to
which the z∗ corresponds. In other words, we can say that among equations Bz = x there exists a
subsystem that has the unique solution z∗, which means that the matrix B has the rank equal to
the dim (z). this proves the theorem.
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