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Abstract—The problem is considered of taking account of heterogeneity in the individual ra-
diosensitivity in evaluating the radiation risk of the origin of a disease in a group of persons
subjected to the radiation action. Mathematical models are described for the estimation of
the radiation risk of the origin of the disease with and without regard for heterogeneity. The
use of the described method is demonstrated with an example of the estimation of the risk of
the origin of radiation-induced diseases from the class of “solid cancers” among the persons
taking part in the liquidation of consequences of the accident at the Chernobyl’ Atomic Power
Station (CAPS) in the years 1986–1991. It is shown that the heterogeneity disregard leads to
understated estimates of the radiation risk of the origin of radiation-induced solid cancers. The
effect is investigated of the length of the latent period in the origin of radiation-induced “solid
cancers” in taking account of heterogeneity.
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1. INTRODUCTION

The analysis of data on radiation risks of the population subjected to radiation as a result of
the action of industrial factors and technogenic disasters, as well as the professional contingent of
workers of atomic industry, is of large scientific and practical interest, and the obtained results
are widely discussed in the scientific publications [1, 2]. In this case, the estimates of radiation-
stipulated risks are calculated proceeding from doses of the radiation accumulated over the entire
time of irradiation [1]. At present, the understanding is set up of the fact that for the study of risks
involved with the radiation action and particularly in the domain of small doses, it is insufficient to
deal only with the magnitude of the accumulated dose, but it is necessary to take into account the
age and medical features of the population under study, the character and mode of irradiation, and
also other random factors [3]. Commonly, the similar information is inaccessible at the individual
level and is considered as the availability of interfering factors, but mathematical methods exist that
enable developing the estimates of risks in this situation [4]. An example of the close problem is the
problem of the analysis of mortality on the basis of demographic data for the relation of the number
of the alive and the dead population. The actual population involves the people that differ from
one another in the genetic way, conditions of the development and life, various histories of diseases,
etc. All these differences tell on individual chances of the death, but it is impossible to account for
them in developing the model of the population mortality. The suggestion is made in [4] to take
account of similar factors by the methods of the analysis of heterogeneous populations. Here, it
turns out that the disregard of heterogeneity in the estimation of mortality leads to a substantial
underestimate of indices at the individual level.
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The estimates of radiation risks rely on the observations of morbidity among the persons sub-
jected to the radiation effect. In this case, to isolate homogeneous groups, the stratification is
performed of the irradiated contingent by the age, dose, and character of the irradiation, the col-
lection of preceding and accompanying diseases, etc., which leads to the formation of small groups
and the obtaining of statistically unreliable estimates. In this situation, the use of the technique
of analysis of inhomogeneous, or heterogeneous, populations can lead to the correction of actual
radiation risks, which is important in the planning and optimization of measures for the radiation
shielding of the population and workers of atomic industry.

In this paper we consider the estimate of the radiation risk by individual data on the state of the
health of persons who received various doses of radiation without regard for heterogeneity and with
regard for it. On the basis of actual data on results of the examination of the health of persons who
took part in the liquidation of consequences of the accident at the CAPS in the years 1986–1991 and
who were recorded in the national radiation-epidemiological register, the estimates are obtained of
the excessive relative risk of radiation-induced solid cancers. On the basis of the obtained estimates
it is shown that the accounting of heterogeneity for the persons irradiated at the age older than
40 years leads to an increase of the estimate of the radiation risk by 30% in comparison with the
estimate disregarding the heterogeneity.

2. MODEL OF RADIATION RISK

2.1. Model without Homogeneity

The radiation risk is taken to mean the effect of an increase of the morbidity under the action
of radiation in comparison with the morbidity without the radiation action, which is called the
spontaneous morbidity. Quantitatively, the radiation risk is estimated by a value of the additional
morbidity related to a value of the obtained dose. The morbidity at the age x as a result of the
radiation action at the age y is presented with the use of the model of the proportional risk in the
form

λ (x, y) = λ0(y) (1 + ERR × d),

where λ0 (y) is the spontaneous morbidity at the age y, which is not related to the radiation action,
the ERR is the excessive relative radiation risk, and the d is the obtained dose. The dependence
of the spontaneous morbidity on the age could be taken from the national medical statistics, but
in this case distortions are possible because a group of persons subjected to the radiation action
can heavily differ from the national composition by many social-medical factors. To remove similar
distortions, it is possible to estimate the spontaneous morbidity by the available data in the form
of the exponential dependence

λ0 (y) = exp (α + b × y) .

The parameters a, b, ERR are estimated by the maximum-likelihood method.
In the study of the radiation-induced oncologic morbidity, it is necessary to take into account

additionally the availability of the latent period between the instant of the radiation action and
the instant of the origin of a tumor. The availability of this latent period is due to the fact that
to convert a normal cell to a cancer cell, it is necessary to pass from 6 to 10 transformations.
As a result, the length of the latent period for radiation-induced solid cancers is estimated at
6–10 years [5]. In the model of radiation-induced morbidity, the availability of the latent period
is taken into account by introducing the indicator function of the dose action θ (t − Δ), which is
equal to zero until the time after irradiation t exceeds the length of the latent period Δ and to
unity, otherwise. Finally, the morbidity model takes the form

λ (x, y) = exp (α + b × y) (1 + θ (x − y − Δ) × ERR × d) . (1)
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The logarithm of the likelihood function for the model identification consists of three summands.
The first summand reflects the probability of the origin of the disease at the given age, and for one
human being it is equal to the logarithm of the product of the intensity of the onset of the disease
at the age x and the probability to live without the disease to the age y

lnL1 = ln

⎛
⎝λ (x, y) exp

⎛
⎝−

x∫

y

λ (t, y) dt

⎞
⎠

⎞
⎠ = ln λ (x, y) −

x∫

y

λ (t, y) dt.

The second summand specifies the number of the persons who died for the reason of the disease
studied, but in whom at their life this disease was not discovered. The probability of this event is
equal to unity minus the probability of the nonemergence of the disease up to the instant of the
death. The logarithm of this probability is equal to

ln L2 = ln

⎛
⎝1 − exp

⎛
⎝−

x∫

y

λ (t, y) dt

⎞
⎠

⎞
⎠ .

The last summand is equal to the logarithm of the probability of the nonemergence of the disease
up to the instant of the last examination or the death. This summand relates to “healthy” and
“died healthy” persons:

ln L3 = ln

⎛
⎝exp

⎛
⎝−

x∫

y

λ (t, y) dt

⎞
⎠

⎞
⎠ = −

x∫

y

λ (t, y) dt.

Substituting expression (1) for the intensity of the origin of the disease, we will write the ex-
pression for the likelihood logarithm in the form

lnL =
∑
i∈S1

ln (λ (xi, yi))

+
∑
i∈S2

ln[1 − exp(−(1 + θ(xi − yi − Δ) × ERR × di)(xi − yi) exp(α + b × yi))]

−
∑
i∈S3

(1 + θ (xi − yi − Δ) × ERR × di) (xi − yi) exp (α + b × yi). (2)

Here, the first summand results by summing up the members of the collection who fell ill with
solid cancer; the second, by summing up the persons who died with the diagnosis “solid cancer”
that was not discovered in life; the third summand results by summing up all persons, apart from
those who were taken into account in the second summand. The quantity xi denotes either the
age of the statement of the diagnosis “solid cancer” or the death by this cause if the diagnosis was
not stated earlier, or the age of the last examination or the death of the human being with the
diagnosis “solid cancer.”

2.2. Accounting of Heterogeneity

The availability of heterogeneity in the radiation risk is taken into account by introducing into the
observable morbidity model the radiation sensitivity factor z that affects the individual morbidity
through a change of the individual quantity of the excessive relative radiation risk (ERR). With
allowance made for the availability of the latent period, the individual radiation-induced morbidity
assumes the form

λ (x, y) = exp(α + b × y) (1 + z × θ(x − y − Δ) × ERR × d).

In this case, the morbidity observable in the heterogeneous group is equal to

λ̂ (x, y) = (1 + Exy (z) × θ (x − y − Δ) × Err × d) exp (a + b × y) ,
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where the x is the current age, the y is the age of irradiation, the d is the received radiation doze,
the Err is the excessive relative radiation risk at the “nominal” radiosensitivity. The averaging
operation Exy is performed by the distribution of the vulnerability factor z among the persons irra-
diated at the age y, who did not fall ill up to the age x, and takes a simple form if the vulnerability
factor z has the gamma-distribution with the single mean value and the dispersion σ2 [4]. The
resultant morbidity takes the form

λ̃ (x, y) =

⎧⎪⎨
⎪⎩

exp(α + b × y), x − y � Δ

exp(α + b × y) (1 + ERR × d)
1 + σ2 exp(α + b × y) (1 + ERR × d) (x − y − Δ)

, x − y > Δ.

The cumulative risk of the onset of the disease is calculated by the formula

H̃ (x, y)=
x∫

y

λ̃ (t, y) dt=

⎧⎪⎨
⎪⎩

(x − y) exp (a + b × y) , x − y � Δ

1
σ2

ln
(
1 + σ2 exp (a + b × y) (1 + ERR × d) (x − y − Δ)

)
, x − y > Δ,

and the probability that a person will not fall ill up to the age x after irradiation at the age y is
estimated by the formula

S̃ (x, y) = exp
(
−H̃ (x, y)

)
.

The availability of the latent period in morbidity in the presence of heterogeneity is taken
into account with the aid of the indicator function of the dose action θ (t − Δ), as in the model
without regard for heterogeneity. The logarithm of the likelihood function with consideration for
heterogeneity in the individual additional relative radiation risk takes the form that is similar to
expression (2):

ln L =
∑
i∈S1

ln
(
λ̃ (xi, yi)

)
+

∑
i∈S2

ln
(
1 − exp

(
−H̃ (xi, yi)

))
−

∑
i∈S3

H̃ (xi, yi).

The first summand results by summing up members of the collection who fell ill with solid
cancer—the set of indices S1; the second, by summing up the persons who died with the diagnosis
“solid cancer” that was not revealed in life—the set of indices S2; the third summand results by
summing up all persons, apart from those who are taken into account in the second summand—the
set of indices S3.

3. RESULTS OF ESTIMATING RADIATION RISK OF ORIGIN OF SOLID CANCERS
FOR PERSONS TAKING PART IN LIQUIDATION OF CONSEQUENCES

OF THE ACCIDENT AT THE CAPS IN 1986–1991

The effect of heterogeneity on the estimate of radiation risks was investigated by the results of
examination of the health of the persons who took part in the liquidation of the consequences of
the accident at the CAPS in 1986–1991 and recorded in the National radiation register [6]. The
data included the birth date, the date of the entrance into the 30-kilometer zone around the atomic
station and the date of the departure from it, the radiation dose obtained in the time of stay
in the zone, the date of the ascertainment of the diagnosis “solid cancer” or the date of the last
examination if this diagnosis is not revealed, the death date and death diagnosis. All together,
the information was presented on 63 825 persons (all men). Over the period of the years 1986–
1991, 1983 persons received the diagnosis “solid cancer” or died by this cause, 61 842 persons did
not received the diagnosis “solid cancer” or died not from this disease. To account for the possible
dependence of the radiation risk of the origin of solid cancer on the age at the instant of irradiation,
all persons were divided into those who drove to the zone of the accident at the age of not older
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Table 1. Estimation of excessive relative risk (ERR/Gr) of solid cancers by models with and without regard
for individual heterogeneity in radiation risk

Age of entrance into 30-km zone ERR/Gr , without heterogenery ERR/Gr , with heterogeneity

20–40 years 1.5 (0.6; 2.6) 1.5 (0.6; 2.6)
older than 40 years 0.6 (−0.5; 2.0) 0.8 (−0.5; 2.0)

Table 2. Relation of estimates of the excessive relative risk of solid cancers by models with and without
regard for individual heterogeneity in radiation risk

Length of latent period (years) < 6 6 7 8 9 10
Age of entrance into 30-km zone 20–40 years 1.0 1.0 1.1 1.1 1.2 1.1

older than 40 years 1.0 1.1 1.4 1.5 1.3 1.7

Table 3. Values p-values for test of the hypothesis for the availability of heterogeneity in estimation of
excessive relative risk of solid cancers by models with and without regard for heterogeneity of individual
radiosensitivity

Length of latent period (years) < 6 6 7 8 9 10
Age at onset of irradiation 20–40 years 1.0 1.0 0.4 0.3 0.2 0.4

older than 40 years 1.0 0.4 0.03 0.04 0.05 0.06

than 40 years and those who drove to the zone at the age of older than 40 years. The share of the
persons who entered into the zone at the age of not older than 40 years comprises 82% of the total
number, but the age of 40 years is close to the age of the median (38 years) for people with the
diagnosis “solid cancer” in the data used. The estimates of the quantity of the excessive relative
radiation risk were set up for each of the shaped models without and with regard for heterogeneity
in the radiation risk. The estimation results are shown in Table 1 and 95% confidential intervals
are given in brackets for estimates of the excessive relative risk, which are calculated with the aid
of profile functions of likelihood.

It is seen from the table that the accounting of heterogeneity for a group of persons who entered
into the 30-km zone at the age of 20–40 years did not lead to a change of the estimate for the
excessive relative risk. At the same time, for those who entered into the zone at the age older than
40 years, the accounting of heterogeneity led to an increase of the estimate of the excessive relative
risk by about 30% in comparison with the model that does not account for heterogeneity. In this
case, the size of the confidential interval did not change. This effect can mean that the older age
group is less homogeneous by the individual radiosensitivity than the younger age group. This can
be explained by the accumulation with age of cell damages and by an increase of the number of cells
that are in the precancerous stage [3]. In view of the individuality and randomness of this process,
the concept of heterogeneity adequately accounts for its basic characteristics. The introduction
of heterogeneity in the model of estimation of radiation risks enables us to clarify quantitative
estimates of the radiation risk. The 95% confidential intervals presented in Table 1 for estimates
of the excessive relative risk include a value of 0 for the ages older than 40 years. This means that
the available statistical data are insufficient for a more exact estimation of the radiation effect in
the given age group.

In the estimates presented in Table 1, the length of the latent period of the origin of solid
cancers was taken equal to nine years. The study of the effect of heterogeneity on the estimate
of the excessive relative risk was also performed at other lengths of the latent period. Table 2
presents the relation of estimates of the excessive relative risk of solid cancers with and without
regard for heterogeneity for various lengths of the latent period. It follows from Table 2 that the
persons subjected to irradiation of up to 40 years do not demonstrate the noticeable heterogeneity
in the morbidity with solid cancers irrespective of the adopted value of the latent period. But
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the persons subjected to irradiation after 40 years demonstrate a substantial heterogeneity at
values of the latent period of not lower than 7 years. Table 3 confirms the statistical reliability of
this conclusion, which displays values p-values for the test of the hypothesis of the availability of
heterogeneity in the estimation of the excessive relative risk for various lengths of the latent period.
Values p-values were calculated by the distribution of the statistics of the likelihood ratio.

4. CONCLUSIONS

The performed investigation enables us to make the conclusion of a substantial scatter in indi-
vidual radiosensitivity in the study of the morbidity from the class “solid cancers” in the range of
doses of 0–0.5Gr. The degree of the scatter depends on the age of irradiation, and for a group of
the persons irradiated at the age of up to 40 years, its accounting does not lead to a statistically
significant result. For the persons irradiated at the age older than 40 years, the estimates of the
excessive relative risk of the disease with solid cancer with regard for heterogeneity are by 30%
higher than similar estimates without regard for heterogeneity. In this case, the effect of account-
ing of heterogeneity depends on a value of the latent period of the origin of the radiation-induced
solid cancer. In the suggested latent period shorter than 7 years, the accounting of heterogeneity
does not lead to a statistically significant result, while for a longer latent period, the statistically
significant increase of the estimates of the excessive relative risk occurs. The appropriate estimates
are shown in Tables 2 and 3.

The possibility of mathematical modeling of the availability of individual radiosensitivity permits
developing models of radiation risks that are based not on the common index of the individual dose,
but on a more detailed account of the individual specific character of the persons subjected to
irradiation. The use of the methods of analysis of heterogeneous populations is the methodological
base of these investigations.
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