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Abstract

Manifestation of hormesis in longevity was modelled by modification of the mortality rate during and
after the period of a stress factor action. In heterogeneous population this can lead to observation of
unchanged mortality during action of the stress and decrease in mortality after stress period. Stochastic
simulations were made to investigate the possibility of detecting the hormesis effect on the basis of the
stress-control longitudinal data. The goal of the stochastic simulation was to investigate the role in the
hormesis detection of control and stressed group size, of population heterogeneity variance value, of stress
and hormesis attributable risks as well as the role of a prior information about the survival in the control
group. It was demonstrated that if the attributable risks for stress and hormesis effects are approximately
equal, then in both ‘high’ and ‘low’ heterogeneous populations the hormesis phenomenon is detected with
probability higher than 75% even in relatively ‘small’ groups of 50 subjects. In case of ‘weak’ effect the
hormesis phenomenon is not detected in a ‘highly heterogeneous’ population even in a group composed of
1000 subjects. In a ‘low heterogeneous’ population the hormesis phenomenon is detected with probability
higher than 70% when the group size is not less than 200 subjects. Information about the survival in control
group did not play a critical role in all experiments and exact survival curve may be replaced by the tra-
ditional Kaplan–Meier estimate. � 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction

The recent literature reviews [1,2] show that from the end of 19th century it was known in
toxicology that low doses of poisons can produce stimulatory effect. This effect has been observed
in plants, bacteria, fungi and was measured by growth rate, colony number and different physi-
ological responses. In 1943 the term hormesis from the Greek word ‘to excite’ was introduced as
notion for such kind of positive effect of ‘bad in general’ things [3]. At the present time the in-
vestigation of hormesis is made not only by toxicologists and pharmacologists, but by the broad
biological community investigating the relationship between longevity and large variety of ex-
ternal factors [4–7]. Considering longevity as an important indicator for aging many investigators
work with worms, flies, rodents, applying external agents in a range from ionizing radiation,
ultraviolet irradiation up to heating and dietary restriction.
Investigation of hormesis in longevity data meets a general problem, presented in the analysis

of any stochastic effect. In fact, it is reasonable to discuss the effect of an external influence not on
the individual longevity, but on the risk of death, which can be accessed only by observation of a
cohort of identical organisms. The more is the cohort size, the more precise is the risk estimate,
and, as a result, the less manifested effect can be identified. On the other hand the number of
animals under investigation is limited by funds needed to conduct the experiment under fixed
conditions. Even in the case of relatively inexpensive organisms such as nematode worms or flies,
one has to use the most genetically homogeneous cohorts, which means the use of pure imbred
lines. Limitation in the cohort size means that the observed variability for longevity cannot be
eliminated by averaging. This, in turn, means that only ‘strong enough’ effects of external influ-
ence on longevity can be detected.
The role of cohort size in longitudinal investigations was considered in several publications.

The influence of sample size on the parameter estimates and the meaningful biological conclusions
is considered in [8]. Evaluation of relatively small cohorts for detecting the levelling off of mor-
tality rates at older ages was conducted in [9] for populations with different levels of heterogeneity.
The present publication is devoted to an empirical investigation of the hormesis effect limit, which
can be detected in cohorts of different sizes and heterogeneities using stress-control experiments.
We assume that an external stress causes an increase in mortality, which lasts only during the
stress action period. At the same time it causes a hormesis effect (mortality decline), which has
prolonged action. Both effects are summarised in attributable risk.

2. Mathematical model for hormesis

Consider a heterogeneous population composed of organisms of some kind. From a mathe-
matical point of view there is no difference as to whether this is a population of insects or other
animals. What is important is that in the heterogeneous population individuals differ by frailty
value z, which has the meaning of relative risk of death and is considered as a random variable
with a mean value equal to 1. The individual death rate at age x in heterogeneous population
takes the form

lðx; zÞ ¼ zl0ðxÞ;
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where l0ðxÞ is the underlying (baseline) hazard rate. Mathematically it is convenient to consider –
gamma distributed frailty. In this case survival function (i.e. the probability to survive until the
age x) is [10–12]

SðxÞ ¼ 1

ð1þ r2H0ðxÞÞ1=r
2 ;

where H0ðxÞ ¼
R x
0
l0ðsÞds is the underlying cumulative hazard, and r2 is the variance of frailty

parameter in population at time x ¼ 0. The value of variance r2 is considered as a measure of
population heterogeneity. When l0ðxÞ ¼ aebx (Gompertz curve) mortality rate

lðxÞ ¼ aebx

1þ r2ða=bÞðebx � 1Þ

(logistic curve). That is why the heterogeneity model is often used in the explanation of mortality
deceleration and levelling off [11,12]. If r2 tends to 0, then SðxÞ tends to survival function in
population, composed of individuals with the same risks of death, i.e. homogeneous population

SðxÞ !
r2!0

expð�H0ðxÞÞ:

The large value of r2 means that the population is composed of both frail individuals with high
risk of death at young ages and short life span, and robust individuals with low risk of death at
young ages and prolonged life span. Effect of negative stress action can be expressed in terms of
attributable risk r. The underlying death rate then has the form

l�
0ðxÞ ¼

ð1þ rÞl0ðxÞ; 06 x < x1;

l0ðxÞ; otherwise:

�

Age interval of the stress action is defined in a formal way as ½0; x1	. It is supposed here that there
are no post-stress effects on mortality l�

0ðxÞ.
Positive effect of stress, called hormesis, is supposed to have prolonged action and can be

measured in terms of attributable risk h as well. The resulting underlying death rate in the
presence of stress action can be written as

l�
0ðxÞ ¼

ð1þ rÞð1� hÞl0ðxÞ; 06 x < x1;
ð1� hÞl0ðxÞ; otherwise

�

with corresponding survival function

SðxÞ ¼ ð1þ r2ð1þ rÞð1� hÞH0ðxÞÞ�1=r
2

; 06 x < x1;

ð1þ r2ð1þ rÞð1� hÞH0ðx1Þ þ r2ð1� hÞðH0ðxÞ � H0ðx1ÞÞÞ�1=r
2

; otherwise

(
ð1Þ

¼ ð1þ r2ð1þ rÞð1� hÞH0ðxÞÞ�1=r
2

; 06 x < x1;

ð1þ r2rð1� hÞH0ðx1Þ þ r2ð1� hÞH0ðxÞÞ�1=r
2

; otherwise:

(

Mortality, observed in heterogeneous population, is given by the relationship lðxÞ ¼
�ðd=dxÞ lnðSðxÞÞ in the form

A.I. Michalski, A.I. Yashin / Mathematical Biosciences 175 (2002) 57–66 59



lðxÞ ¼

ð1þ rÞð1� hÞl0ðxÞ
1þ r2ð1þ rÞð1� hÞH0ðxÞ

; 06 x < x1;

ð1� hÞl0ðxÞ
1þ r2rð1� hÞH0ðx1Þ þ r2ð1� hÞH0ðxÞ

; otherwise:

8>>><
>>>:

Fig. 1 presents examples of mortality modelling in heterogeneous population calculated for
illustrative purpose.
The baseline mortality is shown in Fig. 1(a). The observed mortality in heterogeneous popu-

lation is shown in Fig. 1(b). Both curves are presented in logarithmic scale. The fact that mortality
in population does not follow the straight line but levels off at advanced ages is explained by
selection effect. It means that the most frail members of population die in young ages and with
time the population becomes more robust because of increasing proportion of alive robust
members in of the population. An increase of the young ages underlying hazard in a population
because of a stress produces additional selection. Fig. 1(c) illustrates this case. The solid line shows
an increase in mortality during the negative action of stress on the baseline mortality. This
produces additional selection, which leads to the decline in the mortality rate, after stress action.

Fig. 1. Mortality in heterogeneous population (logarithmic scale): (a) baseline mortality ðr2 ¼ 0; r ¼ 0; h ¼ 0Þ; (b)
observed in population mortality ðr2 > 0; r ¼ 0; h ¼ 0Þ; (c) stress experiment mortality without hormetic effect
ðr2 > 0; r > 0; h ¼ 0Þ; (d) stress experiment mortality with hormetic effect ðr2 > 0; r > 0; h > 0Þ.
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The paradoxical picture effect can be observed when stress invokes additional protection forces in
the organism. This additional protection produces the decline in the baseline mortality during and
after stress. As a result mortality in a population can stay unchanged during a stress action and
drop down when the stress stops. This case is presented by solid line in Fig. 1(d).

3. Model identification

Identification of the model (1) from longevity data includes estimation of heterogeneity vari-
ance, two attributable risks as well as the baseline hazard. When the baseline cumulative hazard
H0ðxÞ is known the three parameters r2, r and h can be estimated using the maximum likelihood
approach. The logarithm of the likelihood function in this case is given by [13]

ln L ¼
X
j

ðdj ln pj þ ðnj � djÞ lnð1� pjÞÞ;

where dj is the number of death cases during the day j, nj is the number of alive individuals in a
population at the end of the previous day, and pj is the conditional probability of death during the
day j under the condition to stay alive until this day

pj ¼
Sðj� 1Þ � SðjÞ

Sðj� 1Þ ; ð2Þ

the survival function SðjÞ is calculated by formula (1), Sð0Þ ¼ 1 by definition. Summation is made
by all periods of observation. In case if there is no censoring the log-likelihood function takes the
equivalent form

ln L ¼
X
j

djðSðj� 1Þ � SðjÞÞ

as shown in Appendix A.
In the case of unknown baseline cumulative hazard H0ðxÞ the survival function SðjÞ can be

calculated by the substitution of H0ðxÞ ¼ ScðxÞ�r2 � 1 [14], where ScðxÞ is the Kaplan–Meier non-
parametric estimate for survival function in the control group which gives the formula

SðxÞ ¼ ð1þ r2ð1þ rÞð1� hÞðScðxÞ�r2 � 1ÞÞ�1=r
2

; 06 x < x1;

ð1þ r2rð1� hÞðScðx1Þ�r2 � 1Þ þ r2ð1� hÞðScðxÞ�r2 � 1ÞÞ�1=r
2

; otherwise:

(

The performance of such substitution was investigated empirically.

4. Simulation experiments

In simulation the survival data in the control and stressed groups were generated to satisfy the
given survival distributions defined by (1). This was performed by generating individual ‘life spans’
using random number generator. For each of the subsequent sets of days xj a uniformly distributed
on ½0; 1	 random number was generated and compared with pj – the conditional probability of
death during this day, defined by (2). If the generated number fails to exceed the probability pj, then
the procedure is repeated the next day, otherwise the day xj is reported as the day of death.
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In simulations the Gompertz model for the underlying hazard was used in the form

l0ðxÞ ¼ a expðbxÞ
with parameters a ¼ 5:5
 10�4 and b ¼ 0:28, which correspond to the parameters in underlying
mortality model for the short-generation lines of Drosophila melanogaster [9]. Corresponding
cumulative death hazard has the form

H0ðxÞ ¼
a
b
ðexpðbxÞ � 1Þ:

The parameters of a model, corresponding to the short-generation lines of D. melanogaster,
were selected for illustrative purpose. No specificity of D. melanogaster was used in the present
consideration.
Two cases were considered in simulations: survival in control group is known, which means

that the population without stress is already investigated with high precision, and survival in
control group is unknown and it is to be estimated from experimental data. The last case cor-
responds to standard experiment design with simultaneous investigation of stress and control
groups of similar size. In the case of known survival in control group survival data were generated
only for the stress group. In the case of unknown survival in control group the additional set of
survival data and the Kaplan–Meier estimate for S0ðxÞ were constructed. In simulations several
parameters were controlled:

• the size of the control and stressed groups n;
• heterogeneity variance value r2;
• stress attributable risk value r;
• hormesis attributable risk value h.

5. Results

Results of simulation experiments if survival in control group is known are presented in Table
1.
Table 2 presents the results of simulation if survival in control group is unknown. In this case it

was estimated from additional simulated data about survival in the control group.
The tables present groups’ size, the real values of the model parameters together with the mean

values and standard error for its MLE estimates, calculated by simulated trails. The percent of
trials in which the hypothesis about the presence of hormesis effect was accepted by the log rank
test is presented as well. The number of simulation trials was determined empirically. The ap-
propriate precision (standard error) of respective parameter estimates (shown in parentheses in
the table) was the key factor in determining the number of trials in the simulation study. In
practice the number of trials ranged from 70 to 200 depending on the value of r2 and value of
hormesis attributable risk.
Figs. 2 and 3 show survival curves in the control and stressed groups in the case of ‘high’

heterogeneity with frailty variance r2 ¼ 1:85 and different values for hormesis attributable risk h.
Under the action of stress factor with attributable risk value r ¼ 0:5, applied on age interval 0–

20 days, the survival curve goes up if the hormesis attributable risk has a value h ¼ 0:45. In the
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case of lower value for h ¼ 0:1 the survival curve goes down in ages younger than 25 days and
slightly exceeds the control curve in older ages.
Statistical simulations show that in the case of ‘pronouncing’ effect of hormesis ðh ¼ 0:45Þ the

phenomenon is detected with acceptable probability even in small experimental groups ðn ¼ 50Þ.

Table 2

Kaplan–Meier estimate for survival in control groupa

Groups size, n Frailty variance, r2 Stress attributable

risk, r

Hormesis attribut-

able risk, h

Percent of trails when

hormesis was accepted

1.85 0.5 0.45

50 1.32 (0.97) 0.62 (0.36) 0.47 (0.16) 79.0

200 1.85 (0.64) 0.65 (0.31) 0.49 (0.12) 96.8

1000 1.50 (0.61) 0.48 (0.27) 0.36 (0.09) 100

1.85 0.5 0.1

50 1.62 (1.80) 0.60 (0.38) 0.24 (0.18) 24.3

200 1.87 (1.34) 0.79 (0.22) 0.20 (0.12) 27.0

1000 2.56 (1.99) 0.58 (0.20) 0.1 (0.08) 32.2

0.2 0.5 0.45

50 0.46 (0.40) 0.79 (0.30) 0.54 (0.10) 100

200 0.88 (0.78) 0.56 (0.30) 0.53 (0.11) 100

1000 0.29 (0.07) 0.68 (0.13) 0.46 (0.04) 100

0.2 0.5 0.1

50 0.32 (0.4) 0.64 (0.31) 0.14 (0.14) 52.7

200 0.26 (0.5) 0.68 (0.19) 0.16 (0.08) 77.4

1000 0.3 (0.22) 0.51 (0.09) 0.08 (0.05) 87.0

aReal parameters values are given in bold, standard errors for parameters estimates are given in parentheses.

Table 1

Known survival in control groupa

Groups size, n Frailty variance, r2 Stress attributable

risk, r

Hormesis attribut-

able risk, h

Percent of trails when

hormesis was accepted

1.85 0.5 0.45

50 1.76 (1.90) 0.65 (0.38) 0.48 (0.20) 77.2

200 2.14 (1.71) 0.60 (0.32) 0.47 (0.14) 95.5

1000 1.96 (0.75) 0.53 (0.20) 0.46 (0.08) 100

1.85 0.5 0.1

50 1.34 (2.6) 0.69 (0.32) 0.25 (0.18) 30.1

200 1.68 (1.67) 0.68 (0.26) 0.19 (0.10) 34.6

1000 1.85 (1.12) 0.56 (0.14) 0.13 (0.07) 50.0

0.2 0.5 0.45

50 0.47 (0.22) 0.64 (0.35) 0.50 (0.13) 94.4

200 0.25 (0.22) 0.57 (0.29) 0.47 (0.08) 100

1000 0.23 (0.10) 0.53 (0.16) 0.46 (0.04) 100

0.2 0.5 0.1

50 0.60 (0.32) 0.0 (0.0) 0.22 (0.63) 48.2

200 0.58 (0.84) 0.63 (0.22) 0.14 (0.09) 72.8

1000 0.31 (0.37) 0.52 (0.10) 0.10 (0.05) 89.9

aReal parameters values are given in bold, standard errors for parameters estimates are given in parentheses.
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In this case there is no need to know the exact survival function of the control group. It can be
estimated from survival data by Kaplan–Meier estimate. In groups larger than 200 individuals
hormesis is detected with probability more than 95%.
Simulations of ‘weak’ effect of hormesis ðh ¼ 0:1Þ show that in ‘highly’ heterogeneous popu-

lation ðr2 ¼ 1:85Þ the likelihood ratio test failed to detect hormesis in groups of sizes up to 1000

Fig. 3. Theoretical survival curves (control group – solid, stressed group – dashed) for parameters r2 ¼ 1:85, r ¼ 0:5,
h ¼ 0:1, stress was applied during the interval 0–20 days.

Fig. 2. Theoretical survival curves (control group – solid, stressed group – dashed) for parameters r2 ¼ 1:85, r ¼ 0:5,
h ¼ 0:45, stress was applied during the interval 0–20 days.
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individuals. The less heterogeneous population is more suitable for hormesis effect investigation.
Statistical simulations show that in ‘more homogeneous’ population ðr2 ¼ 0:2Þ ‘weak’ effect of
hormesis is detected with acceptable probability of more than 70% in groups with more than 200
subjects. Both the exact survival function in the control group (when it is known) and its Kaplan–
Meier estimate can be used.
Presented conclusions can be used in conducting longevity experiments, giving orientation as to

what cohort size is appropriate depending on the expected effect of hormesis and population
heterogeneity.
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Appendix A.

Taking into account that without censoring the relationship njþ1 ¼ nj � dj is valid we get

ln L ¼
X
j

dj ln
Sðj� 1Þ � SðjÞ

Sðj� 1Þ

	 
	
þ ðnj � djÞ ln

SðjÞ
Sðj� 1Þ

	 



¼
X
j

ðdj lnðSðj� 1Þ � SðjÞÞ þ ðnj � djÞ lnðSðjÞÞ � dj lnðSðj� 1ÞÞ � ðnj � djÞ lnðSðj� 1ÞÞÞ

¼
X
j

ðdj lnðSðj� 1Þ � SðjÞÞ þ ðnj � djÞ lnðSðjÞÞ � nj lnðSðj� 1ÞÞÞ

¼
X
j

ðdj lnðSðj� 1Þ � SðjÞÞ þ njþ1 lnðSðjÞÞ � nj lnðSðj� 1ÞÞÞ

¼
X
j

ðdj lnðSðj� 1Þ � SðjÞÞÞ þ n2 lnðSð1ÞÞ � n1 lnðSð0ÞÞ þ n3 lnðSð2ÞÞ � n2 lnðSð1ÞÞ þ � � �

¼
X
j

dj lnðSðj� 1Þ � SðjÞÞ � n1 lnðSð0ÞÞ

¼
X
j

dj lnðSðj� 1Þ � SðjÞÞ:
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